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Abstract. Although the classical work on competition between species goes back to Lotka [ 31 
and Volterra [?I, very few results have been obtained for the stochastic model. We obtain 
state probabilities, and hence moments, for the competition process in which growth of new 
individuals does not occur. 
competiticn between two species state probabilities 
1. Introduction 
There are few results relating to phenomena in which two species are 
competing with each other for food, or living space, etc. However, the clas- 
sical work, assuming deterministic models, dates as far back as Lotka [ 3j 
and Volterra [ 71. Details of the appropriate deterministic model are 
given briefly in Bailey [ 11 with a more extensive treatment given by 
Bartlett [ 21. The stochastic models have received little attention as far 
as the availability of results go, despite the need for such models, a need 
first emphasized by Park [ 51 o This scarcity of results is due to the com- 
plicated nature of the second-order partial differential equations de- 
scribing the process. 
We co,nsider the stochastic version of the competition model in which 
each species can decrease in number because of deaths caused, for in- 
stance, by starvation, overcrowding, or removal in some form. Instead 
g with the partial differential equation, our attention remaimks 
lorresponding differential-difference equations. The latter 
equations are transformed into a system of equations whose matrix o 
coefficients is lower triangular. A particular partitioning of this 
allc ws the state probabilities of the process to be found wit 
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ease. Thus the nature of the solutions hitherto unknown is revealed. 
It then becomes clear that the various moments of the process can be 
calculated very readily. 
The techniques used here could be further developed, so that, for 
example, it could be possible to analyse the more general stochastic 
competition model represented by Bailey [ 1, eq. (13.9)] . This corre- 
sponds to the added provision that each species can also increase in 
size by births as well as decrease by deaths. 
2. The model 
Let Xi(t) be the number present in the ifh species at time t, for 
i = 1,2. We suppose at time t = 0 that Xi(O) = A$. Since we are assum- 
ing that no additions are made to each species in the time under con- 
sideration, the number of deaths in the ifh species up to time-t is * 
Ni-Xi(t) = ri(t), say. Suvpose the death rate of an individual in the A 
ith species is hi. A death occurs because of “environmental pressure” 
such as lack of food, overcrowding, and so on. Therefore the death 
rate for each species is a function of the sizes of both species. Thus we 
have 
Let X(t) = (X, (t), X,(t)) have a particular ealization x(t) z x = 
(x1, x2). Then the death rates may be written as Ai E Xi(X), i = 1,2. 
Define el =(l,0)ande2 =(O,l).Ifwe 
is homogeneously mixed, the transition 
terval (t, t + dt) are 
assume that the popul,ation 
probabilities in the time in- 
P[X(t + dt) = x - ei 1 X(t) = X] = hi(x) dt + O(dt), i= 1,2, 
If 
[X(t + dt) = x I X(t) = xl = 1 - h,(x) dt - h,(x) dt + o(dt). 
P(C0 = [X(t) =x I X(0) =x(O) with probability a] , 
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then P(X; t) satisfies the differential-difference equations 
d 
z p(x;t) - -(‘A~(x)+&(x)lp(x;t)+Al(x+el)p(x+el;t) 
+ h2(x+e&(x +@2; 0, (1) 
for x with 0 < Xi G Ni, i = 1,2, with initial condition X,(0) = Ni, i 2 1,2. 
It should be noted that any p(x; t) with x outside the &nits 0 \< xi 
i = 1, 2, will take thevalue zero. 
The model has been formulated as a two-dimensional bounded pure 
death process. Therefore it is an example of the more general multi- 
dimensional bounded pure death process described by Sever0 161. 
In order to solve the set of equations (I ) it is necessary to transform 
them into a triangular system of equations. Accordingly, we define the 
coordinate Y = r(x) which we can readily verify (from [ 6, eqs. (4), (S)] 
is given by 
r=(N, +l)(N,+l)-x,-(NZ+l)xl. 
Let the matrix of coefficients in the triangular system be B = (b, s). 
Then the diagonal elements are the coefficients of p(x; I) in eq. (1)’ 
above. That is, 
b =- C s (P 11 x:+2P 12 v2 +p22 4) fors=r. 
* ( ) L 
Similarly, using [ 6, eq. (7)] we have 
b rs=~12X1(X2-1)+1122(X2-1)2 fors=r-1, (3) , , 
b rs =41 cxl 9 - 1)*+Pl, (Xl -1)x* fors=r--Nz - 1, (4) 
b 
r,S 
= (1 otherwise. 
It is understood that whenever x is such that p(x; tj is zero in eq. (l), 
then the corresponding coefficient in B is also zero. 
Writing z,(t) to correspond to the equivalent p(x; t), the system of 
equations (1) can be represented by 
d 
#t) = B z(t), 
where 
z(t) = (z,(t)), r” = 1, . . . . (N2 + l;i(N, + l), 
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with initial probabihties u = (1 9 0, . . . . 0). The matrix B is clearly lower 
triangLjlar. Thus the system of differential-difference quations (5) 
can be solved recursively using [ 6, Theorem 11. 
The solution to (5) is given by 
s(t) = cc(t), 
where 
e’(t) = (exp Cb,tl ), c = (CO, j)), 
with the elements c(i, j) given by applying [ 6, Theorem I] . It is noted 
that in general c(i, j) is a function of t, viz. 
c(i, j) = Co (i, j) + Cl (i, j) t + . . . + Ci_j(i, j) ti-i. 
However, whenever the diagonal1 elements t3f B are such that bij # ba 
?or i # j, then c&j) = co@ j). In the presen? case this implies that 
In the next section we shall give solutions for cQi, j) under this condi- 
tion. 
Greater insight into the structure of the matrix B with a subsequent 
greater ease of obtaining the solution to the state probabilities i  gained 
when B is partitioned into blocks each of dimension (N2 + 1) X (N2 + 1). 
That is, we write 
), I,rrz= 1,2 ,..., (Nr+l) 
where l3, is a (N2 + 1) X (N2 + I) matrix with elements blm (k, w), 
k, w = 1,2, . . . . (Nz + 1). 
It readily follows from eq. (2) that the diagonal elements are given 
bY 
From eq. (3) we obtain the off-diagonal element of& as 
bl,(k+l) = {Es,, (+I+ l)(N2-.k+2)+fi22 (N2-k+2)“}. 
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Finally, eq. (4) gives the diagonal element of 
b Il s- ,(kpk) = {P,, (N,-l+2)*+~,~ (N1--l+2)(N2-k+1)). 
All other values of b,(k, IV) are zero. 
It is also convenient to partition z(t), e(t) ynd c in a similar fashion. 
Thus we have 
where zI = z(t) and t?r = e(t) are (N2 + 1) X 1 vectors with elements 
q(k) and e&k), respectively. Likewise, 
where clrn is a (N2 + 1) X (N2 + 1) matrix with elements C/m (k, w), 
k, w = 1, . . . . (N2 + 1). 
Under the transformation r(x), each x point uniquely specifies a 
(2, k) pair. Similarly, each (I, k) uniquely identtfies an x-point. 
3. Solution of matrix c 
When the condition (6) applies, the matrix c has li:lements Cm (k, W) 
given by: 
When m # I, 
k-w 
X 11 IpI2 (N1-iv+Z)+p22 (N2-u-ws2)) 
u--a 
k-w &+1-l 
X n 
[ 
n Q-Q (N1-ju”l)+~,, W2-u-w+lil 
u=O ,iu=iu 1 
. 
‘u+1-~ 
x . II l(-[pl, V,-m+l)(ZN1-ju-m+l) 
Jra= iu - 
+ 2~~~ [u (&-m+ 1)+(&--m+ 1) 
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where ik_w+l = 1; i. = m in the numerator and i, = pn + 1 in the de- 
noininator. 
When ~32 =I, 
cml Ik’ “) = (N1-m+l)! (N,-k+l)! (k-w>r 
k-W 
XI-I 
[I-c12 (N1-~n+l)+~~~(N2-v-w+2)] 
e-___, 
u-l ~-~2~~~~N~-~+1)+11*2(~~-v-2w+2)}]a 
(8) 
When m /‘> 2 and/or w > k, 
The term A,,, is proportional to the diagonal elements of c and satisfies 
c 
N,!Nz!Amw -.Y 
mm(W9 W)=(N+n+l)!(N,-w+l)! 
withc,Itl,l)=A,, = 1. 
The solution is stilll sliatly recursive, in the Am, elements. However, it 
is considerably less so than the extensive recursion required in the direct 
application of [ 6, Theorem Ill. Hence the availability of the above solu- 
tion is a vast improvement. Also, the nature of the state probabilities 
is revealed, hence allowing the various moments to be determined 
readily. 
Since each (Z9 k) and (m, w) pair in elm (k, w) uniquely determine 
coordinates i and j in c(i, j), respectively, a two-way induction proce- 
dure is sufficient to prove the expressions in equations (7) and (8). The 
induction proof consists essentially of repeated applications of [ 6, Theo- 
rem 11. Once the expression (9) below has been established, the proof 
is reasoiiably routine though lengthy. Therefore we content ourselves 
with outlining the steys involved. 
Using Severo’s notation and in the sense in which he defined it, the 
vector b’(i, j) has at most two non-zero elements corresponding to 
bl,(k, k- I) and b l l-&k, k) with all other elements zero. Since the con- , 
dition (6) 
need only 
ford> m, 
’ J 
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holds, the c(i, j) are indepenldent of t. Hence in h’(j, i) we 
determine S0 (bj- bi). Applying [ 6, Theorem 1 ] , we have, 
k 2 w, 
Clm(k* W)=Dwl ([~611 (Nl-Z+2j2 +plz(Nl -l+2)(Nl-k+l)]cl_,,,(k, w) 
+ [~~2(N1-1+2)(N2-k+2)+p22(N2-k+2)2]clm(k-l,w)}, 
where I) can be shown to be of the forum 
D= (--[pll (~-mj(2i~I-m+1+2)+2p12 [(k-w)(N1-m+l)+(I’-m)(N2-k+l)] 
+ p22 (k-w)(2N2-w-k+2)] ), k = 2,3, . . . . N2+ 1, (9 
when k = 1, the second term corresponding to Cfm (k-2, w) is zero. 
The existence of zeros in c for 2 < m follows directly from [ 6, Lie- 
orem l] for i < j. When k < w, the resu.lt is found by induction on 
(Z, !c) using the expression (9) above. The expressions (7) given for the 
off-diagonal elements of c correspond to Severo’s i < j. These are 
proved by an induction procedure firstkv on (L k) for (m, w) = (1, 1) 
started by cl 1 (1, 1) = 1 which is given bly the initial probability distri- 
bution = (l,O,..., 0). An induction procedure is then carried out on 
(m, w). This requires the verification of the expression for Am,. The 
latter term is p:roportional to the diagonal elements of c and therefore 
corresponds to Severo’s i = j > 1 with ai = 0 for each i. 
4. Probabilities and moments of (X,, X2 ) 
Writing Xi = Xi(t) as the number present at time t in the ifh specks, 
possible realizations of Xi are Xi = 0, 1, .” ,, Ni for i = 1,2. In terms of 
the four coordinates (Z, k) and (m, w), a particular value x1 corresponds 
toZ=N1--xl +l.Thatis,forexample,I- 1 whenever+ =N,,Z=h 
whenever x1 = N, 4 + 1, and I = N, -I- 1 when x1 = 0. Similarly, a partic- 
ular value x2 corresponds to k = N2-x2 + 1. 
Therefore the probability distributions are given by 
P[X 1 = Xl, x2 =x2] =p(x;t)=z +xr+l(N2-X2 + l), 
where 
q(k) = x elm (k, w) exp{tb,, (W w)}. 
O-l,W 
The moments of (X,, X,) are derived easily by noting that the de- 
nominator of pox; t) contains the terms (NI - I + i)! and (Nz - k + l)! 
Henlce the expectation of X, is found simily by replacing (N1 -E+ l)! 
by (NI--Z)!. Similarly, replacing (N2--k+ I)! by (N,-k)!, we obtain ;he 
expected value of X2. 
IMore generally, by omittins: the first r and s terms in (N1 -I + l)! and 
(N2 -k + I)!, respectively, we can find 
E(X,(X,+ 1) . . . (X,+4)}, {X,(X,+ 1) . . . (X,+4)}, 
respectively. In particular, the first two such moments are sufficient o 
derive the variances. Thus we compute 
Lkbrewise, joint moments for (XI, X2) can be obtained. 
The ease and simplicity with which these moments are derived is at- 
tractive computationally and mathematically appealing. This is a con- 
sequence of the blocking arrangement used throughout, hence enhanc- 
ing its importance. Such blocking procedures should be used to ad- 
vantage in the derivation of solutions for other similar types of prob- 
lems. 
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